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THE DEGREE OF A VERTEX IN THE POWER GRAPH OF A
FINITE ABELIAN GROUP
AMIT SEHGAL AND SHUBH N. SINGH
Abstract. The power graph of a given finite group is a simple undirected
graph whose vertex set is the group itself, and there is an edge between any
two distinct vertices if one is a power of the other. In this paper, we find a
precise formula to count the degree of a vertex in the power graph of a finite
abelian group of prime-power order. By using the degree formula, we give a
new proof to show that the power graph of a cyclic group of prime-power order
is complete. We finally determine the degree of a vertex in the power graph of
a finite abelian group.
1. Introduction
All groups considered in this paper will be non-trivial finite multiplicative groups.
Throughout, G shall denote a group. By the word ‘graph’ we mean a finite simple
undirected graph. The interaction between groups and graphs is still a growing area
of research. Kelarev and Quinn [14] introduced the directed power graph
−→
G (G) of a
groupG as a digraph whose vertex set is G, and there is an edge from vertex u to the
other vertex v whenever v is a power of u. Further, they gave a technical description
of the structure of the directed power graphs of abelian groups. Motivated by this
concept, Chakrabarty et al. [7] defined the power graph G(G) of a group G as a
graph with G as its vertex set, and there is an edge between two distinct vertices
if one is a power of the other. Note that the power graph G(G) is precisely the
underlining graph of the directed power graph
−→
G (G). The concept of power graphs
of groups has caught the considerable interests of many researchers in the recent
years, see for instance [2].
It is easy to see that the power graph of a given group is connected. Chakrabarty
et al. [7] proved that the power graph G(G) is complete if and only if G is a cyclic
group of prime-power order. They also obtained a formula for the number of edges
in the power graph G(G). Cameron and Ghosh [6] proved that two abelian groups
with isomorphic power graphs are isomorphic. Further, they proved that the only
group whose automorphism group is the same as that of its power graph is the
Klein 4-group. Also, Cameron [5] proved that two groups with isomorphic power
graphs have the same number of elements of each order. Curtin and Pourgholi [11]
proved that among all groups of a given order, the power graph of cyclic group of
that order has the maximum size. Many other graph theoretical properties of the
power graph of a group are also investigated, see for instance [1, 10, 16, 17, 19, 18].
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Researchers have also studied the spectra of power graphs of certain groups, see
[8, 9, 15, 20].
To analyze the structure of a given graph it is important to look at the degree of
each of its vertices. A formula to count the degree of a vertex in the power graph
G(Zn) of the cyclic group Zn has obtained [12]. In this paper, we give an explicit
formula to count the degree of a vertex in the power graph of an abelian group. The
remainder of the paper is organized as follows. In the next section, we introduce
the necessary notations, recall basic concepts of graphs, groups and number theory,
and also state some crucial facts. We present our investigation on the degree of
a vertex in the power graph of a group in Section 3. Finally, we summarize our
investigations in Section 4.
2. Preliminaries and Notations
We will assume throughout that the reader is familiar with the basic notions and
results concerning group, graph and number theory. The purpose of this section
is to introduce relevant concepts and notations used throughout this paper. The
reader is referred to [3, 4, 13] for standard graph, number and group theoretic
terminologies, notations and results, respectively.
The degree of a vertex v in a graph Γ is the number of edges in the graph Γ
incident with v. Let D be a directed graph. The in-degree of a vertex v in D is the
number of edges with head v, and the out-degree of v is the number of edges with
tail v. A bi-directional edge in D is a pair of edges which join its two vertices in
opposite directions.
Throughout this paper, let p and n denote a prime number and a positive integer,
respectively. Let a and b be two positive integers. If n divides a − b, we write
a ≡ b mod n and say that a is congruent to b modulo n. The greatest common
divisor of a and b is denoted by (a, b), and their least common multiple is denoted by
lcm(a, b). If (a, b) = 1, we say that a and b are relatively prime. The integers a and b
are relatively prime if and only if there exists integers s, t such that as+bt = 1. If c is
a non-zero integer such that c divides ab and gcd(c, a) = 1, then c divides b. Let φ(n)
denote the Euler’s totient function of n. If gcd(a, b) = 1, then φ(ab) = φ(a)φ(b).
Let G be a group. Let e denote the identity element of G and |G| denote the
order of G used throughout the paper. The cyclic group of order m is usually
denoted by Zm. Let g be an arbitrary element of G. We denote the order of g by
|g|, and the cyclic subgroup generated by g by 〈g〉. Let H and K be two normal
subgroups of G. If G is the internal direct product of H and K, then every element
of G can be uniquely expressed as the product of an element of H and an element
of K. Moreover, every element of H commutes with every element of K. If G
is an abelian group of order pm11 p
m2
2 · · · p
mk
k then, for each i (1 ≤ i ≤ k), the set
G(pi) = {x ∈ G | x
p
mi
i = e} forms a normal subgroup of order pmii in G.
We end this section with the following well-known theorem on finite abelian
groups.
Theorem 2.1. Let G be an abelian group of order n and let pm11 p
m2
2 · · · p
mk
k be
the prime decomposition of n. Then G is the internal direct product of the normal
subgroups G(pi) of order p
mi
i , that is,
G ∼= G(p1)×G(p2)× · · · ×G(pk).
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3. Main Results
In this section, we present our main results on the degree of a group element in
the power graph G(G) of a group G. It is easy to see the identity element of G is
adjacent to each non-identity group element in G(G) and so the degree of e in G(G)
is always |G| − 1.
Let g be a non-identity element of a group G. To calculate the degree of g in
power graph G(G), we surely add the in-degree and the out-degree of g and then
subtract the number of bi-directional edges incident on g in the directed power
graph
−→
G (G). In order to simplify our notations, we shall write d+G(g), d
−
G(g) and
d±G(g) respectively to denote the out-degree of g, the in-degree of g and the number
of bi-directional edges incident on g in the digraph
−→
G (G). By the symbol ‘dG(g)
′
we mean the degree of g in the power graph G(G).
By the definition of directed power graph
−→
G (G), it is very easy to check that
d+G(g) = |〈g〉| − 1 = |g| − 1 and d
±
G(g) = φ(|g|) − 1. We thus precisely obtain
dG(g) = |g|−φ(|g|)+d
−
G(g). To determine the degree dG(g) of a non-identity group
element g, it is therefore sufficient to count the in-degree d−G(g). However, it is easy
see that
d−G(g) = |{h ∈ G | g 6= h and g ∈ 〈h〉}|.
We start our investigation on the in-degree d−G(g) of a non-identity group element
g of G. We first present the following elementary lemma for completeness.
Lemma 3.1. Let G be a group and let g ∈ G be an element of G. If |g| = pm and
|gk| = pr, then k = k′pm−r for some integer k′ with (k′, p) = 1.
Proof. We know |gk| = |g|(|g|,k) which follows that
pr =
pm
(pm, k)
=⇒ (pm, k) = pm−r =⇒ k = k′pm−r
for some integer k′ where obviously (k′, p) = 1, as required. This completes the
proof. 
Theorem 3.2. Let G = 〈x1〉 × 〈x2〉 × · · · × 〈xn〉 be an abelian p-group where
|xr| = p
mr and 1 ≤ m1 ≤ m2 ≤ · · · ≤ mn. If g =
n∏
α=1
xα
iα is a non-identity
element of G and |xα
iα | = ptα , then
d−G(g) = −1 + φ(|g|)
min{mk+1−tk+1,...,mn−tn}∑
β=0
p
( n∑
j=1
min{mj , β}
)
,
where k is the smallest non-negative integer such that |xk+1
ik+1 | 6= 1.
Proof. Obviously 0 ≤ tα ≤ mα and |g| = lcm(p
t1 , pt2 , . . . , ptn) = ptw where tw =
max{t1, t2, . . . , tn}. Let z =
n∏
α=1
xα
cα be an arbitrary element of G such that zγ = g
for some positive integer γ and let |xα
cα | = psα . Then |z| = ptw+β for some non-
negative integer β. By using Lemma 3.1 we have that γ = γ1p
β where γ1 is a
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positive integer with (γ1, p) = 1. Note that the value of γ1 uniquely determine the
value of γ and so the number of possible values of γ1 and γ are same.
For each α, we clearly have that (xcαα )
γ1p
β
= xα
iα and so
|(xcαα )
γ1p
β
| = |xα
iα | =⇒
psα
(psα , γ1pβ)
= ptα =⇒ sα = tα +min{sα, β}.
In particular, sk+1 = tk+1 +min{sk+1, β} where k is the smallest non-negative
integer such that tk+1 6= 0. This obviously gives β ≤ mk+1 − tk+1. As 1 ≤ m1 ≤
· · · ≤ mn, it is easy to check that 0 ≤ β ≤ min{mk+1 − tk+1, . . . ,mn − tn}.
We now consider, for an arbitrary fixed α, the following two cases.
Case 1. If tα = 0, then iα ≡ 0 mod p
mα . Since zγ1p
β
= g with (γ1, p) = 1, we
have that
xα
cαγ1p
β
= xα
iα =⇒ cαγ1p
β ≡ iα mod p
mα =⇒ cαp
β ≡ 0 mod pmα .
If β ≥ mα, then cαp
β ≡ 0 mod pmα for all cα and consequently the total number
of possible ways of choosing cα in a complete residue system modulo p
mα is pmα .
If β < mα, then cα is divisible by p
mα−β . We know that the number of integers
divisible by pmα−β in a complete residue system modulo pmα is pβ and consequently
the total number of possible ways of choosing cα is p
β .
Thus, in this case, the total number of possible ways of choosing cα is p
min{mα,β}.
Case 2. If tα 6= 0, recall that sα = tα + min{sα, β} which certainly gives
sα = tα + β and so β ≤ mα − tα. Given that |xα
cα | = psα , by using Lemma 3.1
we obtain cα = dαp
mα−tα−β where dα is a positive integer with (dα, p) = 1. Also
|xα
iα | = ptα , by using Lemma 3.1 we obtain iα = jαp
mα−tα where jα is a positive
integer with (jα, p) = 1. As xα
cαγ1p
β
= xα
iα which follows that
xα
(dαp
mα−tα−β)γ1p
β
= xα
jαp
mα−tα
=⇒ dαγ1 ≡ jα mod p
tα .
and subsequently dwγ1 ≡ jw mod p
tw . As (γ1, p) = 1, the total number of possible
values of γ1 is φ(p
tw ) = φ(|g|).
Recall that (γ1, p) = 1, there exists an integer δ1 with (δ1, p) = 1 such that
γ1δ1 ≡ 1 mod p
tα . Since jα ≡ dαγ1 mod p
tα , multiplying both sides by δ1 we get
jαδ1 ≡ dαγ1δ1 mod p
tα =⇒ jαδ1 ≡ dα mod p
tα .
Now cα = dαp
mα−tα−β where (dα, p) = 1, choose dα from a reduced residue
system modulo ptα+β such that dα ≡ δ1jα mod p
tα . Then the total number of
possible values of cα is
φ(ptα+β)
φ(ptα ) = p
β.
Hence, the total number of possible values of cα is p
min{mα,β} or pβ accordingly
tα = 0 or tα 6= 0. Recall that 0 ≤ β ≤ min{mk+1 − tk+1, . . . ,mn − tn}) and the
total number of possible values of γ is φ(|g|). Since we are not taking z = g into
consideration, we consequently have that
d−G(g) = −1 + φ(|g|)
min{mk+1−tk+1,...,mn−tn}∑
β=0
p
( n∑
j=1
min{mj , β}
)
.

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If G is a cyclic group of prime-power order, the following corollary of Theorem
3.2 shows that the power graph G(G) is complete.
Corollary 3.3. If G is a cyclic p-group, then the power graph G(G) is complete.
Proof. Assume |G| = pm for some positive integer m. Clearly the degree of identity
element in G(G) is pm − 1. Let g be an arbitrary non-identity element of G. Then
|g| = pk for some positive integer k with 1 ≤ k ≤ m. By using Theorem 3.2, we
obtain d−G(g) = −1 + φ(p
k)
m−k∑
β=0
pβ = pm − pk−1 − 1. Thus
dG(g) = |g| − φ(|g|) + d
−
G(g) = p
k − (pk − pk−1) + pm − pk−1 − 1 = pm − 1,
as required. This completes the proof. 
If G is the internal direct product of its normal subgroupsH and K whose orders
are relatively prime, then we obtain the following crucial Theorem.
Theorem 3.4. Let G be a group and let H and K be two normal subgroups of G
such that (|H |, |K|) = 1. If G is the internal direct product of the subgroups H and
K, then for an element z = xy of the group G where x ∈ H and y ∈ K,
(i) d+G(z) =
(
d+H(x) + 1
)(
d+K(y) + 1
)
− 1.
(ii) d±G(z) =
(
d±H(x) + 1
)(
d±K(y) + 1
)
− 1.
(iii) d−G(z) =
(
d−H(x) + 1
)(
d−K(y) + 1
)
− 1.
Proof. Given (|H |, |K|) = 1, it is easy to check that (|x|, |y|) = 1 and so |z| =
lcm(|x|, |y|) = |x||y|.
(i) Clearly d+H(x) = |x| − 1 and d
+
K(y) = |y| − 1. Hence
d+G(z) = |z| − 1 = |x||y| − 1 = (d
+
H(x) + 1)(d
+
K(y) + 1)− 1.
(ii) Clearly d±H(x) = φ(|x|) − 1 and d
±
K(y) = φ(|y|) − 1. Since (|x|, |y|) = 1,
exploiting multiplicative nature of the Euler’s totient function, we obtain
d±G(z) = φ(|x||y|) − 1 = φ(|x|)φ(|y|) − 1 = (d
±
H(x) + 1)(d
±
K(y) + 1)− 1.
(iii) Let z1 ∈ G be an arbitrary element such that z 6= z1 and z ∈ 〈z1〉. Then
z1 = x1y1 where x1 ∈ H and y1 ∈ K. Since z ∈ 〈z1〉, it follows that z = z
k
1
for some positive integer k. This gives xy = (x1y1)
k. From the internal
direct product property we get xy = xk1y
k
1 =⇒ x
−k
1 x = y
k
1y
−1 =⇒ xk1 =
x and yk1 = y. Since we consider the cases when x1 = x or y1 = y, but
not the case when x1 = x and y1 = y simultaneously, it follows that
d−G(z) ≤ (d
−
H(x) + 1)(d
−
K(y) + 1)− 1.
Conversely, let x ∈ 〈x1〉 and y ∈ 〈y1〉 where x1 ∈ H and y1 ∈ K. Then
there exist positive integers s and t such that xs1 = x and y
t
1 = y. Given
that (|H |, |K|) = 1, there exist integersm and r such thatm|H |+r|K| = 1.
We now consider the integer
s− t = s(m|H |+ r|K|)− t(m|H |+ r|K|)
= ms|H |+ rs|K| −mt|H | − rt|K|
= r|K|(s− t)−m|H |(t− s)
= β − α,
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where α = m|H |(t− s) and β = r|K|(s− t). It follows that s+ α = t+ β.
Observe that xs+α1 = x
s
1x
α
1 = x
s
1x
m|H|(t−s)
1 = x
s
1(x
|H|
1 )
m(t−s) = xs1 = x,
and yt+β1 = y
t
1y
β
1 = y
t
1y
r|K|(s−t)
1 = y
t
1(y
|K|
1 )
r(s−t) = yt1 = y. From the
commutative property of elements in the internal direct product of H and
K, we thus obtain
(x1y1)
s+α = xs+α1 y
s+α
1 = x
s+α
1 y
t+β
1 = xy,
as s + α = t + β. We here consider the cases when x1 = x or y1 = y, but
not the case when x1 = x and y1 = y simultaneously, it certainly follows
that d−G(z) ≥ (d
−
H(x) + 1)(d
−
K(y) + 1)− 1. Combining above obtained two
inequalities, we finally have that
d−G(z) = (d
−
H(x) + 1)(d
−
K(y) + 1)− 1.

As a consequence of Theorem 3.4 and an induction argument on the number of
subgroups, we obtain the following extension of Theorem 3.4.
Theorem 3.5. Let G be a group and let H1, H2, . . . , Hn be normal subgroups of G
such that (|Hi|, |Hj |) = 1 when i 6= j. If G is the internal direct product of subgroups
H1, H2, . . . , Hn, then for an element x = x1x2 . . . xn of the group G where xi ∈ Hi,
(i) d+G(x) =
( n∏
i=1
(
d+Hi(xi) + 1
))
− 1.
(ii) d±G(x) =
( n∏
i=1
(
d±Hi(xi) + 1
))
− 1.
(iii) d−G(x) =
( n∏
i=1
(
d−Hi(xi) + 1
))
− 1.
Suppose G is an abelian group of order pm11 p
m2
2 . . . p
mk
k , where pi’s are distinct
primes. Then obviously the orders of normal subgroups G(pi) and G(pj) of group
G are relatively prime when i 6= j. As a direct consequence of Theorem 2.1 and
Theorem 3.5, we thus obtain the following straightforward Theorem 3.6.
Theorem 3.6. Let G be an abelian group of order n and let pm11 p
m2
2 . . . p
mk
k be the
prime decomposition of n. Then for a non-identity element x = x1x2 . . . xk of the
abelian group G where xi ∈ G(pi),
(i) d+G(x) =
( k∏
i=1
(
d+
G(pi)
(xi) + 1
))
− 1.
(ii) d±G(x) =
( k∏
i=1
(
d±
G(pi)
(xi) + 1
))
− 1.
(iii) d−G(x) =
( k∏
i=1
(
d−
G(pi)
(xi) + 1
))
− 1.
4. Conclusion
The results reported in the present paper show that the indegree of a group ele-
ment is only important component in determining the degree of the group element
in the power graph. We have obtained a precise formula to count the degree of a
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vertex in the power graph of an abelian group of prime-power order. By using the
degree formula, we presented an alternative proof to show that the power graph of
a cyclic group of prime-power order is complete. By using the fundamental theorem
of finite abelian groups, we finally determined the degree of a vertex in the power
graph of a finite abelian group.
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